Abstract: Two charged dust particles inside a cloud of charges are considered as Debye atoms forming a Debye molecule. Cassini coordinates are used for the numerical solution of the Poisson-Boltzmann equation for the charged cloud. The electric force acting on a dust particle by the other dust particle was determined by integrating the electrostatic pressure on the surface of the dust particle. It is shown that attractive forces appear when the following two conditions are satis ed. First, the average distance between dust particles should be approximately equal to two Debye radii. Second, attraction takes place when similar charges are concentrated predominantly on the dust particles. If the particles carry a small fraction of total charge of the same polarity, repulsion between the particles takes place at all distances. We apply our results to the experiments with thermoemission plasma and to the experiments with nuclear-pumped plasma.
Introduction
The study of a plasma in which charged particles of micrometer size play a signi¯cant role (so-called dust plasma) is interesting from the fundamental and applied points of view [16] . Of special interest is the observation of collective e®ects caused by dust coupling. A number of experiments show that micron size particles can form spatial-ordered structures in thermoemission plasma [3] in gas-discharge plasma and in nuclear-pumped plasma [4] .
The properties of strong-coupled plasma are often considered in the framework of the so-called one-component model (see, for example, the review by [10] . According to this model, one of the charged components is treated as homogeneous in space. Polarization e®ects are taken into account in the form of corrections, in some cases. Apparently, the physics of processes occurring in dust plasma di®ers from the onecomponent model. A dust particle surrounded by a shell (or cloud) of charges (with masses much smaller than the mass of the dust particle) should be the object of detailed consideration,¯rst of all. A charged dust particle surrounded by a cloud of charges of the opposite sign is an analogue of an atom in gas kinetics.
In general, the charged cloud of such a \dust atom" may not be in thermodynamic equilibrium. However, we shall consider here the situation in which the charges in a cloud are Boltzmann-distributed. It is natural to call such a dust atom a Debye atom [15] in contrast to a Thomas-Fermi atom, in which a charged cloud is a degenerate electronic gas. Similarly, we can introduce the concept of a Debye molecule [17] and a Debye crystal. The Boltzmann distribution and the Poisson equation (that is, the Poisson-Boltzmann equation) describe mathematically the properties of such Debye systems.
It is natural to assume the presence of attractive forces caused by polarization of the charge shells of Debye atoms. However, reliable theoretical results demonstrating an attraction of Debye atoms do not yet exist. The exact solution of the Poisson-Boltzmann equation shows that the repulsion always takes place for the charged planes both in an electron cloud and in a plasma [2] , [20] . Numerical simulation of Debye atoms interaction [17] were not quite reliable, as were the results of analytical calculations [5] , [11] .
The problem of particle interactions in dusty plasma is similar to the problem of colloidal particle interactions in electrolytes. The very concept of a Debye radius for plasmas was borrowed from the theory of electrolytes. The physics of colloid particle interactions in electrolytes has been investigated for a long time (see, for example, [2] . Until now, however, the problem of attraction forces has not been solved, at least for the case in which the colloid particle radius is smaller than the Debye radius.
Below, we attempt to reliably demonstrate the existence of polarization forces of attraction between Debye atoms and to determine the conditions under which attraction appears. This work di®ers essentially from other publications devoted to an analysis of charged dust particle interactions in plasmas and in electrolytes (see, for example, [1] , [13] and [14] ).
First, in contrast to a number of publications, we consider a situation in which the total charge of dust particles is not negligibly small compared with the total charge of the cloud particles of one sign. Moreover, we show here that the essential attraction takes place in an opposite limiting case, that is, when almost all the charge of one of sign is concentrated on dust particles, and the clouds consist of charges of only one (opposite) sign. (See [7] [8] [9] for preliminary results.)
Second, based on Debye molecule properties, a Debye atom has de¯nite structure. The Debye atom has a core of a charged cloud close to the surface of a dust particle, when a dust particle has a high charge. In particular, the charge of a dust particle cannot, as a rule, be considered as an approximate delta function, even if its radius is much smaller than the Debye radius.
Third, we calculate directly the resulting force on the dust particle from another particle and the charged cloud. The dependence of the potential energy of interaction on dust particle separation is calculated by integration of this force. In our case, the Poisson-Boltzmann equation is solved in an infrequently used coordinate system based on Cassini ovals. It allows a highly accurate calculation of an electric¯eld near a small particle surface and reliably obtains the force of a particle interaction.
We apply our results to thermoemission plasma and to nuclear pumped plasma.
2 Formulation of the problem
The Poisson-Boltzmann equation
For the sake of de¯niteness, we shall consider thermoemission plasma, and speak about positively charged dust particles and the electronic cloud of a dust particle. However, basic results are also of use for dust plasma produced by the electrical discharge and for plasma ionized by an external source of hard radiation, when the particles are charged negatively, and the charged cloud consists mainly of positive ions. We discuss the nuclear pumped dust plasma below. So, let us consider the case in which an electronic gas surrounding the charged dust particles is formed by the emission of electrons from dust particles at su±ciently high temperature T. In addition, the dust particles are surrounded by a partially ionized gas. In order to¯nd the spatial distribution of the potential Á, the¯eld intensity ¡ rÁ, and the charge density ½ = e(N i ¡ N e ), we must solve the Poisson equation r(¡ rÁ) = 4¼½. The ions and electrons densities (N i and N e ) appearing in this equation are determined by the Boltzmann distribution N i = N i0 exp(¡ Á=T ) and N e = N e0 exp(eÁ=T ), where N i0 and N e0 are the ion and electron densities at the points of zero potential.
Thus, the Poisson-Boltzmann equation takes the form:
Dimensionless variables
We shall measure length in units of Debye radius r D = (T =4¼e 2 N e0 ) 1=2 corresponding to electron density in points of zero potential. We use the dimensionless potential ', electric¯eld intensity E, and electronic density n e :
where n D = r 3 D N e0 . Eq. 1 is reduced to the following equation for dimensionless potential ' :
Here ± = N i0 =N e0 is the parameter describing the additional ionization of gas. Since the plasma is quasi-neutral, one has 0 µ ± µ 1.
For further estimations, we shall be guided by the experiments of [3] , in which N e0 = 2:5 ¢ 10 10 cm ¡3 and T = 0:146eV = 1700K. For characteristic values we have r D = 18 microns, T =e = 0:146V , and T =er D = 80V =cm. The average radius of a dust particle was r p = 0:4 microns (r 0 ² r p =r D = 2:23 ¢ 10 ¡2 ) and its charge was Z p e = 500e. So, we have a¯eld intensity on a particle surface Z p e=r 2 0 = 4:5 ¢ 10 4 V =cm (E 0 = E(r 0 ) = 550).
Boundary conditions.
We will use the term \Debye atom" for a single charged dust particle surrounded by a cloud of lighter charges in thermodynamic equilibrium; two or more dust particles will be referred to as a Debye molecule. Formally, the analyses of a Debye atom and a Debye molecule di®er only in the geometry of the problem. While analyzing a Debye atom, we can get by with the solution of the one-dimensional Poisson equation, assuming that the electron cloud is spherically symmetric. In an analysis of a diatomic Debye molecule, we can assume that the problem is symmetric about the x-axis connecting the nuclei (dust particles). Therefore, it is enough to consider the two-dimensional Eq. 3 in plane coordinates (x, y). When analyzing a Debye molecule, the problem is complicated considerably by the choice of boundary conditions. In a real physical problem, the charge Z p e of a dust particle and its radius r p are speci¯ed. Hence, one boundary condition is the¯eld intensity on the surface of dust particles S :
Thus, the charge of a dust particle is determined by the expression
Here z p is a dimensionless particle charge, connected to a particle charge in terms of an electronic charge Z p by the expression Z p = 4¼ ¢ z p ¢ n D ; the area of the surface S is normalized with r
The second boundary condition should be the zero-¯eld value on a boundary surface S 0 :
The zero-¯eld intensity on the Debye atom or molecular boundary follows from quasineutrality of the system of charges. The basic purpose of Debye molecule consideration is to¯nd resulting dependence of the particles' interaction force on the distance d between particles. In this case, it is more convenient to use other boundary conditions instead of Eq. 4, that is, to set a constant potential on a surface of dust particles,
One can get the¯eld intensity E 0 on a surface of a dust particle by solving the PoissonBoltzmann equation. The calculations with di®erent values of ' 0 give the necessary value of E 0 and charge value z p (Eq. 5).
The resulting force of interaction of the dust particles is determined by integration of the electrostatic pressure on a surface of a dust particle. In one case the force is directed along an axis x, and its projection is determined by the expression
Here ds x is a projection of surface element d s on an axis x ; the force F is connected to dimensionless force f by the expression F = (T 2 /8¼e 2 )¢f ; the electric pressure is directed along the outward normal to the surface of dust particles. The properties of a Debye molecule in some aspects are de¯ned by properties of the Debye atoms forming this molecule. Therefore, we shall consider some properties of Debye atoms before beginning calculation of the force of dust particles interaction.
In the one-dimensional (that is, planar, cylindrically symmetric, or spherically symmetric) case, equation (3) and boundary conditions take the form
Here k = 0, 1, and 2 respectively for planar, cylindrically symmetric, and spherically symmetric cases; r = 0 corresponds to the beginning of a planar layer, center of the cylinder, or center of the sphere. One boundary condition sets the boundary of the Debye atom r = a 0 , on which the¯eld is equal to zero.
The spherically symmetric case (k = 2) simulating a Debye atom and the°at case (k = 0), which allows us to study the potential variation near a dust particle surface, will be considered. In a spherically symmetric case, the convenient characteristic of a Debye atom is the dimensionless charge distribution (charge contained inside a sphere of radius r ); it is de¯ned by the expression z(r) = r 2 E(r).
Debye atom in a single-sign charge cloud
The case ± = 0, in which the charged cloud consists of particles of one sign, corresponds, for example, to a thermoemission plasma [3] or a similar gas ionization process, in which the charges of one sign have completely concentrated on the dust particles [19] . Size a 0 we choose equal to half of the average distance between dust particles a 0 =
where N p is the density of dust particles (see Figure 1 ). Consider the most interesting situation, when a dust particle radius r p is much less than the distance between dust particles r 0 = r p /r D ½ a 0 . In experiments [3] 
, and a p = 13.6 ¹m; thus a p /r p = a 0 /r 0 = 34.
The results of equation (3) for the spherically symmetric case (k = 2) show that for the smaller charge z p ² Z p e 2 /r D T < a 3 0 /3 of a small particle r 0 ½ a 0; the charge,¯eld, and potential distributions are given by expressions [6] :
The expressions 10 are still of use for the points far from a dust particle surface (at r 0 + 3r . Otherwise, at the high charge of a dust particle, the Debye atom has some charged core close to a dust particle's surface. The charge of a dust particle together with the core is equal to z cor ² a 3 0 /3. The screening of this residual charge takes place at a large distance r ¹ a 0 .
The high charge condition z p ² Z p e 2 /r D T > z cor can be written in the form
According to measurements of [3] , the charge of dust particles was high:
However, calculations show (see Figure 2 ) that the dust particle charge in a thermal balance (Z p = 286, z p = 0.156) should be smaller then the value (Z p º 500) measured by [3] . Hence, either the measurements of plasma parameters are not exact, or the charge of dust particles in experiments [3] is nonequilibrium (for details, see [18] ).
Debye atom in plasma
In the case ± 6 = 0, when the charged cloud consists of particles of both signs, the Debye atom radius, as before, is determined as the distance (r = a 0 ) at which the charge of a dust particle is completely compensated by plasma charges (E (a 0 )= 0). As in the case ± = 0, the Debye atom radius is equal to half of the average distance between dust particles
If ± = 1, one isolated dust particle in an in¯nite volume of plasma can be considered. If ± ! 1 the Debye atom radius tends to in¯nity: a 0 ! 1. This is because the¯nite charge of a particle z 0 can be completely compensated by a quasineutral plasma only at its in¯nite sizes. If ± < 1, the Debye atom radius is¯nite. Electronic and ionic dimensionless charges contained in a charged cloud are determined by expressions:
The quantity ± 1 ² z 0i /z 0e gives the relation of a free ion charge in Debye atom to an electron charge. Generally speaking, ± 1 should be a function of the parameters ±, a 0 and ' 0 . However, when the main contribution to integration (11) is the area of a small potential '(r) ½ 1, it is possible to put ± 1 º ±. Figure 3 illustrates the dependencies of z 0e , z 0i , and ± 1 on ±. In the results presented in Figure 3 , the value of a 0 for di®erent values of ± was chosen as large as possible for the radius of a dust particle corresponding to the experiments of Fortov et al. [3] :
¡2 . This was carried out by "test¯ring": when the value of a 0 was chosen greater than that in Figure 3 , the particle charge becomes in¯nitely large (z (r 0 ) ! 1).
The obtained dependencies z (r ) and '(r ) (see Figure 4 ) were used to determine z 0 = z (r 0 ) and ' 0 = '(r 0 ) at r 0 = 0.1 in the Debye molecule simulations presented below. The number of both positive and negative charge, z 0i and z 0e , in the cloud grows with ± because of the increase of the Debye atom volume (see Figure 3 ). At the same time, the uncompensated charge z 0 = z 0e ¡ z 0i does not vary with changing ±. At the considered parameters, we have ± 1 º ±.
As well as in the case ± = 0, at the given value r 0 , the size a 0 cannot be in¯nitely large when a particle charge z 0 is in¯nitely high. The sharp fall of z (r ), E (r ), and '(r) as functions of r, caused by charge screening, takes place at distance (r¡ r 0 ) ¹ 1/E 0 from a dust particle surface when value E 0 = z 0 /r 2 0 is high (see Figure 4) . Thus, the size a 0 is limited by some value a 0max ² a 0 (E 0 ! 1). This limiting value increases logarithmically for ± ! 1:
Since a Debye atom has a core screening the charge of the dust particle, we cannot ascribe the unscreened value of the charge to the dust particle while considering the interaction of Debye atoms.
About the character of dust particles' interaction 3.2.1 About interaction of the non-polarized Debye atoms
Let us imagine a naive situation in which charged clouds of Debye atoms do not interact with each other. Only repulsion forces will take place in this case. Really, for non-polarized clouds the interaction force is expressed as
Here d is the distance between dust particles and z ef f (d )=E (d )¢d 2 is a total charge that is taking place inside a sphere of radius d around of a dust particle. This is an uncompensated charge of a dust particle. Due to quasineutrality of the Debye atom, one has z eff (r ) ¶ 0 at r ¶ r 0 . The charges of the same sign repel each other:
The polarization of charged clouds is necessary for attractive forces. The number of negative charges should increase on the axis of a Debye molecule due to polarization if attractive forces take place.
The interaction of charged planes
The Poisson-Boltzmann equation (4) in a°at case (k =0) can be solved in quadratures. It obtains the interaction force of planes and obtains an accurate numerical solution of the Poisson -Boltzmann equation near the surface of a dust particle.
This shows that the charged planes (both planes surrounded by a cloud of charges of the same sign, and planes located in the plasma) repulse each other [2] , [20] . For an illustration we shall consider the case ± = 0 to get simple analytical expressions. It is useful for an estimation of the necessary accuracy of calculations of a¯eld and a potential near the surface of a dust particle.
Consider the electrostatic pressure on the charged conducting plane, which is located between two conducting planes (left and right). The planes are under the potential ' 0 (see Figure 5) . One of the planes can be removed to an in¯nite distance if necessary.
The integration of the Poisson-Boltzmann equation for a plane case gives [18] , [20] :
The quantities E 1 ² exp(' 1 /2) and ' 1 are connected to a 0 by the expression:
Here x is the distance from the central plane, which for simplicity is treated as in¯nitely thin; ' 1 is the potential value in a point x = a 0 , where the¯eld intensity is equal to zero. Value a 0 is equal to half the distance between planes if the density of charges on the planes is equal. The potential at the left side and on the right side of the conducting plane is identical, '(¡ 0) = '(+0) = ' 0 . But a¯eld intensity on a surface of the plane at the left side E(¡ 0) ² E 01 and at the right side E(+0) ² E 02 di®er because the distance from the central plane to the left plane 2a 01 and to the right plane 2a 02 di®er. Thus an electrostatic pressure on a plane is:
The size a 0 is the monotonously falling function of E 1 . If, for example, distance to the left plane 2a 01 is more than the distance up to the right plane 2a 02; we have E 01 > E 02 and p < 0. Otherwise, the resulting pressure force is directed to the most removed plane.
In particular, if we remove one of planes to an in¯nite distance, two planes will repulse. Thus, the attraction of dust particles can arise only in a geometry that is not°at.
Accuracy of the potential calculation near the surface
In the numerical integration of the Poisson-Boltzmann equation, the value of the¯eld intensity is determined in the grid points of a di®erence scheme. The value E 0 , determined approximately, corresponds to a¯eld value some distance from a dust particle surface, of the order of a grid step. Let us estimate the error of calculated pressure. The relative di®erence of pressure determined at distances x and { x from a plane is given in°at geometry by the expression
As one can see in Figure 6 , if the potential of a plane is not small (' 0 ¾ 1), even on small distances x ¹ 0.01, the value ¢p/p is in the approximate range of tens percents. At the same time, the di®erence of potentials at the left and on the right sides ('(¡ x)¡ '(x)) is practically equal to zero. Otherwise, the very high accuracy of calculation of the potential derivative near a dust particle surface requires numerical integration. Therefore, it demands a very small grid step near the surface.
Distances between dust particles much exceeding their diameter are of the most interest. At the same time, the method used for the numerical integration of the PoissonBoltzmann equation should provide the maximal accuracy in the area near the surface of dust particles for an exact calculation of force on a dust particle. It is di±cult to achieve su±cient accuracy in the calculation of force on small dust particles in the usual systems of coordinates. 4 The method of a two-center problem solution
Cassini coordinates
We used orthogonal coordinates constructed based on a known Cassini oval for a special case.
The relationship between variables u and v, specifying a point on Cassini oval with the Cartesian coordinates in quadrant x >0, y>0, is determined by the following expressions:
The oval focus is located in point (d /2,0). Variable 1>u>-1 is some analogue of a radial variable. At u<0, curves represent two independent ovals: at u=0 a coordinate line is a Bernoulli's lemniscate, that is, an oval with an in¯nitesimal waist. At 0.65>u>0 it represents an oval with a waist, and at u > 0.65 the oval has the ellipsoidal form. Variable ¼>v >0 is an analogue of a corner in polar coordinates. At v =0 points lay on a beam (d /2,1) on the x-axis, at v = ¼, the points come close to a corner formed by a line segment (0, d /2) on the abscissa and beam (0,1) on the ordinate. The character of coordinate lines is illustrated in Figure 7 .
Use of coordinate (13) gives the following important advantages. First, the family of Cassini ovals qualitatively corresponds to an equipotential curve for two equally charged particles that are located in oval focuses. Second, the domain of the solution of equation (3) in these coordinates becomes rectangular. Third, the density of ovals is exponentially condensed to a surface of a dust particle. It makes an opportunity to use a uniform mesh even at the large distances between particles of small sizes.
On the method of numerical simulation
Without going into details, let us discuss the basic items of the numerical simulation method. The Cassini coordinates are especially convenient for use in a situation in which the radius of dust particles r 0 is much less than the Debye radius r 0 ½ 1, and the radius of the Debye atom r 0 ½ a 0 . It is convenient to de¯ne the potential value ' 0 on small ovals close to circles. At the same time, the cloud of charges covering dust particles is described by an elliptical oval. It is convenient to set the¯eld value to zero at this oval.
The surface of a dust particle and the surface corresponding to the boundary of a Debye molecule are described in coordinate (13) by constants:
The boundary conditions (7) thus look like:
The Poisson-Boltzmann equation (3) with boundary conditions (14) and (15) was solved by a Gauss-Newton method of iterations with use of the software package MAT-LAB. Figure 8 shows plots of an equipotential surface in two coordinate systems. The three-dimensional coordinates formed by rotation of°at coordinates (13) around the x -axes are used to calculate the charge (5) and the interaction forces (8) of dust particles. The interaction energy of dust particles was calculated using the formula
The constant usually was taken so that the potential energy was equal to zero in some point. (9) was solved and the potential ' 0 on a particle surface for given r 0 and a 0 was calculated. Then the two-centered problem for d =10a 0 was solved using values ' 0 , r 0 , and a 0 . The results for the spherically-symmetric problem and for the two-center problem coincided with high accuracy. Smaller values of d were used in the further series of calculations.
Results of calculations
In a series of calculations shown in Figure 9 , we were guided by plasma parameters of experiments by [3] , and have put a 0 = 0.755. The calculations show that the area at large distances d ¹ 2a 0 is most interesting. Therefore, we have taken the radius of a dust particle r 0 = 0.1¯ve times greater than in the experiment. Accordingly, potential ' 0 = 1.16, taken from the one-center problem solution for r 0 = 0.1, was smaller than the potential on a surface of a dust particle of small radius (' 0 = 6.5 at r 0 = r p /r D = 2.23¢10 ¡2 ). Otherwise, the small conducting ball was replaced by a conducting ball of greater size, with a charge partially compensated by charges of an electronic cloud. Such replacement is justi¯ed because the electrons situated near the dust particle surface are weakly polarized (see below).
Interaction force dependence on dust particle separation
A series of calculations with the given values ' 0 , r 0 , and a 0 were carried out for di®erent values of d. The dust particle charge z 0 is also a function of d in this case. Additional calculations were carried out with changed ' 0 or a 0 to make the dust particle charge z 0 not dependent on d.
The calculations have shown that the repulsion takes place at small distances between particles d ¹ r 0 . It is not in accord with results of numerical calculations of [17] , in which the dust particle attraction took place at d ¹ r 0 . Apparently, there was some error in the calculations of electric¯eld near the surface of the dust particle. The resulting force is very sensitive to such error (see 3.2). Actually, the charged cloud is weakly polarized close to the surface of a dust particle, so the repulsion force prevails over the polarizing attraction force at small distances. Figure 9 show that the dust particles' interaction force have zero value at equilibrium point d = d 0 º 1.3 under the conditions of [3] . The position of the equilibrium point d = d 0 , in which a sign of interaction force changed, is less then the average distance between dust particles (2a 0 = 1.5). The value d 0 weakly depends on which quantity (' 0 , a 0 , or z 0 , a 0 ) was kept constant in calculations at di®erent d. The change a 0 (at constant z 0 and ' 0 ) in°uences the value of d 0 some more. Apparently, it is better to make z 0 = const by changing the dust particle potential ' 0 = ' 0 (d ).
It is impossible to consider a problem binary when d ¾ a 0 . The essential repulsion from other dust particles takes place if the distance between dust particles is large (d > 2a 0 ) (see a Figure 1 ). Therefore, we present the results of calculations only for d < 4a 0 .
One can estimate the electrostatic pressure compressing a dust particle gas as a function of an attraction force of dust particles F (2a 0 ) at average distance 2a 0 ,
For surface tension in a "dust liquid" one has
Comparing electrostatic pressure on dust particles with gas-kinetic pressure of dust particles and gas-kinetic pressure of electrons we have:
In conditions of the experiments of Fortov et al. [3] one has jf (2a 0 )j º 0.2;
P E /N p T º 20; P E /N e T º 0.04. Note, however, that the comparison of electrostatic pressure on dust particle gas with gas-kinetic electronic pressure does not allow one to make any essential conclusions. Electrons are not free; they are in an electrical¯eld of dust particles. At the same time, it is possible to assume that the gas of Debye atoms in a mix with inert gas should show the tendency to compression under the conditions of the experiments. Such a situation was considered by [12] . Consideration of the in°uence of Debye atoms' interaction on the gas-kinetic property of dusty plasma is outside the framework of this paper.
In°uence of the Debye atom size
The results of some series of calculations for various values a 0 are presented on Figure 10 . The calculations have shown that the attraction of the dust particles takes place only at a 0 µ 1. Already at a 0 > 1.12, the equilibrium point d 0 goes to large distance d 0 > 4a 0 .
It is possible to rewrite the condition a 0 = a p /r D < 1 for the dimensional quantity,
The electrostatic forces of compression become zero when d 0 = 2a 0 , that is, when a 0 = 1. Accordingly, condition a 0 = 1 or N e0 = N ecr is a condition of pressure balance of the Debye atoms gas.
The condition of the high particle charge z p > 1/3 can be rewritten for a dust particle charge in terms of an electronic charge as follows
We have N ecr = 4.4¢10 10 cm ¡3 and Z ecr = 460 for conditions of [3] . These values agree with values measured in the experiments: N e0 º 2.5¢10 10 cm ¡3 , Z p º 500.
The depth of a potential well cannot be determined based on two Debye atoms without the consideration of other dust particles. Therefore, we shall characterize the value of the interaction force of Debye atoms by its steepness in the equilibrium point:
The oscillation frequency of dust particles around the equilibrium point Figure 10 shows that the strongest coupling takes place at 0.5 < a 0 < 1. The gas of Debye atoms tends toward compression at these conditions. For small-radius dust particles, the size of the Debye atom is also smaller. The results of calculations of the maximum value of the Debye atom radius a 0max ² a 0 (z 0 ! 1), as a function of r 0 , can be approximated for convenience by this expression: a 0max = 3¢ r 0:3 0 , or r 0 = (a 0max /3) 10=3 when r 0 < 0.02. Consequently, the attraction takes place when the radius of a dust particle is not too large and not too small. At 0.5 < a 0max < 1, we have a condition 2.5¢10 ¡3 < r 0 < 2.6¢10 ¡2 . In the experiments of [3] , r 0 = 2.23¢10 ¡2 , and this condition is satis¯ed.
On the e®ect of a dust particle size
The small charged ball is replaced above with a ball of greater size and accordingly with a partially compensated charge. There is a natural question whether such a replacement is adequate. Some series of calculations were done with di®erent values of r 0 and corresponding values of ' 0 . The change in the results of the calculations is insigni¯cant if a dust particle radius is small in comparison with the radius of Debye atom a 0 . For example, in a case a 0 = 0.755 (see Figure 11 ) for r 0 = 0.1¥0.2 (and for the choice of values of ' 0 corresponding to the given r 0 ), the di®erences in the equilibrium point d 0 = 1.28 is less than 2%, which corresponds to the available accuracy of calculations. The e®ect of the dust particle size becomes signi¯cant for r 0 > 0.3a 0 . For r 0 > 0.4, the polarization-induced attraction decreases to such an extent that the distance to the force sign-reversal point becomes larger than the mean distance between particles (d 0 > 2a 0 ). Therefore, it is possible to conclude that the electrons placed at distance r º (0.3¥1)a 0 are involved in polarization. In this connection, it is di±cult to hope for an analytical evaluation of attraction forces.
5.2 A Debye molecule in a plasma (± 6 = 0) 5.2.1 Interaction force dependence on dust particle separation As in the case of ± = 0, the series of calculations were carried out to obtain the dependence of the interaction force of dust particles on distance d. The additional calculations were carried out with changed ' 0 or a 0 to make the dust particle charge z 0 independent of d. As in the case of ± = 0, we chose the value of r 0 greater than the radius of the atomic core, thus simulating a dust particle by a conducting sphere of a larger size, with a charge partially compensated by the free charges from the shell of the Debye atom. Thus, the polarization of the core was disregarded.
In the results shown in Figure 12 , the size a 0 for di®erent values of ± corresponds to the extremely large charge of a dust particle with radius r p /r D = 2.23¢10
¡2 . This was done by test¯ring: when the value of a 0 was greater than that given in Table 7 , the particle charge obtained by solving Eq. (9) becomes in¯nitely large (z (r p /r D ) ! 1).
The obtained dependencies z (r ) and '(r ) were used for determining z 0 = z (r 0 ) and ' 0 = '(r 0 ), at r 0 = 0.1. We did not get an evident attraction of dust particles at 1-± ½ 1 in the range of parameter d < 2a 0 that corresponds to binary interaction (Figures 12a, 12b) . The attraction arises when an appreciable share of a positive charge of plasma is carried with dust particles (at ± < 0.7, see Figures 12c, 12d) . The maximum attraction force and the maximum depth of a potential well arises when ± = 0.
The decrease of an attraction force with growth of ± has a simple explanation. As follows from the above calculations for ± = 0, the attraction forces arise because electrons accumulate near the center between dust particles and provide an attraction of positively charged dust particles to the center of Debye molecule. This attraction force exceeds the repulsion force of dust particles because the Debye atom core screens the dust particle charge. At 1-± ½ 1 the e®ect of a charge screening by the core is the same. However, the attraction force essentially weakens because not only electrons but also positive charges are accumulated near the center of the Debye molecule.
In case of a small value of a plasma charge ± ½ 1, the potential well depth is rather great. It is about several values of gas temperature. However, the binary consideration is limited in size of the order of magnitude of a diameter of Debye atom 2a
On the analytical approaches
The above conclusion concerning the absence of attraction for ± ! 1 contradicts the results of recent approximate analyses by [5] , [11] (see Figure 12a) . It follows from these analyses that the attraction of dust particles takes place at ± = 1 and at interparticle
This result is surprising. In the linear approximation a potential in a point r is determined by the sum of the screened potentials of point charges located in points r 1 and r 2 :
According to simple reasons stated above in 3.2, the attraction force cannot take place in the absence of perturbation of a charged cloud of one dust particle under in°uence of other dust particles. The linear approximation should be
which corresponds to repulsion. Inaccuracy of the results of [5] and [11] is apparently associated with the following circumstance. Gerasimov and Synkevich [5] and Ivanov [11] sum the attraction force acting on an electronic cloud of the¯rst dust particle from the second dust particle, and force (19) acting directly on a¯rst dust particle. Such addition would be justi¯ed if the charged clouds of dust particles were rigidly connected with the dust particle through some other forces. However, there are no extraneous rigid forces in the problem under consideration. The presence of the attraction force of the electron shell of one charge to another charge only indicates that the given con¯guration of the charge shell is not in equilibrium. This force of attraction must lead to polarization of the charge shell. Nevertheless, the polarization was disregarded by [5] and [11] . There are no grounds to add this polarizing force to the force acting directly on the dust particle.
An analogous situation is the polarizing attraction of ordinary atoms. As is well known, for spherically symmetric atoms the polarizing interaction has no place in¯rst-order perturbation theory. It arises only in second-order perturbation theory, when the polarization of an electronic shell of one atom by charges of other atom is taken into account. An ordinary atom di®ers from a Debye atom only by the fact that its electrons move according to quantum-mechanical and not classical laws. The nature of polarizationinduced forces is the same for an ordinary and a Debye atom.
6 Dust particles in nuclear-pumped plasma
Experimental results
Fortov et al. [4] reported on the collective phenomena observed in dust plasma formed because of dense gas ionization by nuclear¯ssion fragments.
In one of these experiments, the plasma was excited by Cf 252¯s sion fragments, and in the other by-products of the Ce 141¯-decay. We will concentrate on the latter data. The dust was composed of Ce0 2 particles with an average radius of r p = 0.5 ¹m. The gravity force was compensated by applying an external electric¯eld with a strength of 10 V/cm. The system featured large regions of particles levitating over several minutes, exhibiting a short-range order in the spatial structure.
Measurements performed using a digitized video image of the structure of these zones shows the density of particles within a 150-¹m-thick°at layer was 10 ¡5 ¹m ¡2 . Accordingly, the volume density of dust particles was N p ¹ 6¢10 4 cm ¡3 . The average charge of these particles, determined from the balance of gravitational and electrical forces, was Z p º 400. The density of the charge of dust particles was Z p N p ¹ 2.4¢10 7 cm ¡3 . The ion density, determined by measuring the current between electrodes and using the known ion drift velocity, was N i ¹ 10 8 cm ¡3 .
The attraction of dust particles causes the collective phenomena in the nuclearpumped plasma under consideration. As was stated above, the attraction of dust particles takes place if the charges of one sign are concentrated mainly on dust particles. Now we will check whether this condition is ful¯lled [19] .
The charge of dust particles
A negative charge on the dust particle surface may arise from a di®erence between average velocities of electrons and ions. This phenomenon is well known in physical electronics. Assuming the Maxwell velocity distribution and equating the°ux of ions to the particle surface N i ¢u i to that of electrons N e ¢u e ¢exp(-eÁ/T e ), one obtains:
Here, Á p is the dust particle potential; u i = (T /4¼m i ) 1=2 and u e = (T e /4¼m e ) 1=2 are the average projections of the velocities of ions and electrons onto the axis perpendicular to particle surface; and T e and T are the electron and gas temperatures. Using this potential value, we may formally determine the charge of the particle:
This estimate applies well to gas-discharge plasma, but may lead to considerable errors in the case of a plasma produced by a hard ionizing. Taking the electron temperature equal to the room temperature (T e ¹ T = 300 K = 0.026 eV), we obtain Z p ¹ 100. This estimate is about one-fourth of the value obtained from the experimental data (Z p º 400). Apparently, the discrepancy is related to the fact that the secondary electron adheres to a dust particle before it is cooled in collisions with gas molecules.
Density of ions
The charge-balance equation and the quasi-neutrality condition describe the number densities of ions and electrons in the dust plasma. In the case under consideration, these relationships can be written as follows:
Here ® d is the dissociative recombination coe±cient and ® L is the Langevin recombination coe±cient; G is the ionization rate per unit volume. Under quasistationary conditions (dN i /dt = 0), we may solve the above quadratic equation and present the ratio of the ion density N i to the charge density on a dust particle Z p N p in the following form:
Here, a = ® L /(Z p ® d ) is a parameter characterizing the ratio of the rates of the Langevin and dissociative recombination (for a > 1, recombination on the dust particles dominates), and g = G=(® L Z p N p ) is the reduced rate of ionization. Note an important circumstance: for an ionization rate satisfying the condition g = 1 or G = ® L ¢Z p ¢N p , all the negative charge in the system is concentrated on the dust particles (N e = 0, N i = Z p N p ) while the gas contains only positive ions.
In the experiments under consideration, the radioactive source provided ionization at a rate corresponding to 10 9¯-decays per second in a volume of 20 cm 3 . Assuming that every¯-decay event liberates an energy of E f = 138 keV, we obtain the following estimate for the ionization rate per unit volume:
Here E pr = 36 eV is the energy necessary for the ion pair production in air. The ion density and the share of the dust particles charge ± = Z p N p =N i can be estimated using (20) . We use the dissociative recombination coe±cient equal to ® d ¹ 3¢10
¡7 cm 3 /s and take into account that recombination on the dust particles dominates:
with the experimental values. Moreover, expression (20) shows that, for the parameters under consideration, the negative charges are concentrated appreciably on dust particles, ± = Z p N p =N i º 0.5. Thus, the attraction of dust particles can take place in these experiments.
Conclusion
Let us summarize the results of the above consideration.
(1) A Debye atom consists of a charged dust particle and shell (cloud of charges). For the large charge of the dust particle, the high-density region (core) of the electron cloud screens considerably the large charge of the dust particle near its surface. In this connection, while considering the interaction of Debye atoms, we cannot ascribe the unscreened value of charge to a dust particle. The dust particle charge screened by the core has a universal value determined by the distance between dust particles. The electron shell of the Debye atom screens it. (2) Attractive forces are associated with the polarization of charge shells of Debye atoms.
The force of attraction is formed by polarization of a large fraction of electrons of the charge shell. The polarization of the core is insigni¯cant. (3) Forces of attraction between dust particles emerge at a comparatively large distance, approximately equal to the mean separation between dust particles. In this case, the Debye radius must be approximately equal to half the mean distance between dust particles. (4) Attraction takes place if like charges are concentrated predominantly on dust particles. If dust particles carry a small fraction of the charge of some polarity, repulsion is observed at any distance. (5) The electrostatic forces of interaction between dust particles vanish when a certain relation between the electron density and the density of dust particles converges. In this case, the Debye "liquid" is in equilibrium.
Since attractive forces appear at large distances, the problem of the formation of dust liquids and crystals can be solved correctly only if many-particle interactions are taken into account. However, we can draw the following two conclusions concerning the criteria for the emergence of collective phenomena based on the results presented by us here: (a) in the case of a thermionic plasma, the electron density must be such that the Debye radius is approximately equal to half the mean value between dust particles; (b) for a gas-discharge or a nuclear-excited plasma, the properties of the ionization source and the density of dust particles must be matched so that the main (usually negative) charge is carried by dust particles. Table 1 Parameters used in calculations presented on Figure 12 .
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